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Contour integrals, Cauchy-Goursat 
theorem, Cauchy integral Formula 

INTRODUCTION (LINE INTEGRAL) 

In case of real variable, the path of integration of f: f(x)dr: is always along the x-axis 

• === a to x = h. But in case of a complex function f (z) the path of the definite integral 
rrorn ,r 

J ~- I (: -.,.1: can be along any curve from z = a 10 z = b. 

; == .t + ~l· => dz = dt + idJ· ... (I) clz = dr: if .,i~ = 0 ... (2) dz = icly if .t = 0 ... (3) 
In (1) .. (2) .. (3) the clirections of dz are different. Its v·alue depends upon the path (curve) of 

int~gr~itil)n. liut the \t·aluc of' integral from a to b remains the same along any regular curve from 

a to hj11 case the initial point and final point coincide so that c is a closed curve, then this integral 

is ,all~d c.-,,,,r,,,,r i11tt:~~r,1/ ,1nd is denoted by c- _/-( :) clz. 

J t· 1· ( =) :.:.- 11 (.t. _\-') ·t- i,: (.r, .. l~). then since d= = dt ..;.. id}·, 

""~ ha\·c 
.. /~(:) £C = (ll + ii·)(ttt + idJ') 

c· C 

-= (.11,lr- \'t{1·) + i (\1 dx + ud),·) 
t: c· 

\~hich sh(l\"'S tl1:1t the c\t·alt1t1tit)n ot· the line integral ot"' a complex function can be reduced to the 
cvalL1ation l> t • t \\' <) l i 11t! in tcgr\ils () t· rt!al t1.111ct ions. -

Let tts Cl)l1Sili~r tl t"t:"". ~xan1plt!s: 

Real intc,, r,11 
~ 

~i'~J{d !.-ind the 1·ul11e c1f the integral c (x + y)dt + x2 
y dy 

(,~) til,,,r,g _\· = .t:. J1c11/i11JJ ( fJ. 0). (3. 9) en£i points. 
( b J ,1! <Jtzg i· = 3.l: heni·ee11 the sc111'1e points. ... ~ 

D<J ilze \·a/tie~; ,lepe,zd 11potz patl1 ? 

Solution. J __ (~\· + .,i:) lit+ .:r2 ~i·dy 
t 

Let 
aP 
:\ = I, 
o~· 

The integrals are not independent ot .. path. 
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· r(4,2) (Z/ + x) d-c + (3y- x) dy along the figure x2 = t2 + 3 

Th
e value of the integral J<3,0) . , y "" 21 is 

15. (b) I (c) 4/3 (d) 41/6 

(a) 0 
A.ns. (dj 

f 
l+i ( 2 _ • ) dz the path y = x is equal to 

16. along 
O 

x ,y 

(a) -1 (2 + i) (b) i (2+ i) (c) ¼ (2+ i) Ans. (d) 

I 
f th line integral J cl dx + x2 dy) where C is of the square - I s; X < I l 

17. Thevaueo e c - ,- Sy:;; 1 . • IS 

(a) 
0 

(b) 2 (x + y) (c) 4 · (d) 4/3 

m ~~)tMPORTANT DEFINITIONS 
; .· (i),Slmply connected Region. A connected region is s~id to be ~ simply 

connected if all the interior points of a closed curve C drawn m the region D are 

the points of the region D. 
(ii) Multi-Connected Region. Multi-connected region is bounded by more 

than one curve. We can convert a multi-connected region into a simply connected 

Ans. (a) 

0 Vo 
one, by giving it one or more cuts. 

Note. A functionf(z) is said to be meromorphic in a region R if it is analytic in th . . e reo1on 
R except at a fimte number of poles. 

0 

A 

Multi-Connected Region Simply Connected Region Simply Connected Region 

(iii) Single-valued· and Multi-valued function 
If a function has only one value for a given value of z, then it is a single-valued function. 

For example J (z) = z2 
lf a function has more th I · • . . . an one va ue, 1t 1s known as multi-valued function. 

For example 
I 

f (z) = z2 

(iv) Limit of a function 
A function/ (z) is said to h I' . . · ·v, number i: there e · t a~~ a umt I at a pomt z = z0, if for an arbitrarily chosen P

05111 

, xis s a positive number o, such that 

IJ(z) -11 < dor I z - z I< o 
It may be written as lim f (z) = I o 

Z-Ho 

(v) Continuity 
A function/(z) is said to be . . · . . 111bef 
e, there exists a positive nucobntm~ous at a pomt z = z0 if for a given arbitrary posmvenu 

m er v, such that 
l/(z)-/(zo)l<E for iz -z

0 
l<o 

7 d fu t · Complex Integration ❖.;. 
ther wor s, a nc 10n f (z) is cont' Jrt o . muous at a point z = z if 

(a) /(z0) exists (b) I' o 
z~1!f(z)= f(z)z=O 

(vi) l\'f ultiple point. If an equation is satisfied b , 
given range, then the point is called a 

1 
~ more_than one value of the variable in the 

. mu hple pomt of the arc. 

( 
.. ) Jordan arc. A contmuous arc without 1 . . 

VII . . mu hple pomts is called a Jordan arc 
Regular arc. If the denvatives of the 0 • fi . • 
range, then the arc is called a regular a~~~en unction are also continuous in the given 

(viii) Contour. A contour is a Jordan curve consisting f . h . . 
of regular arcs. 0 continuous c am of a finite number 

The contour is said to be closed if the starting poi'nt A of th · 'd · h h · B f th I t - e arc comc1 es wit t e end 
pomt o e as arc. 

(ix) Zeros of an Analytic function. 
The value of z for which the analytic functionf(z) becomes zero is said to be the zero 
of J(z). For example, Zeros of z2 - 3z + 2 are z = J and z = 2, 

(2) Zeros of cos z is ± (2n-l) %, where n=I, 2, 3 .......... 

mu• CAUCHY'S INTEGRAL THEOREM (Cauchy-Gaursat Theorem) 

Ifa function j(z) is analytic and its derivative f'(z) continuous at all points inside ·and on a 

simple closed curve c, then J cf(z)dz = 0. 

P_roof. Let the region enclosed by the curve c be R and let 

,/ ... ·-- f(z)=u+iv, z=x+iy, dz=dx+idy 

f f(z)dz = f (u+iv)(di:+idy)=J (ud-c-vdy)+iJ (vd-c+udy) 
C C C C 

= JJ (-av_ au)dxdy+ifJ (du - av)dxdy (By Green's theorem) 
s ax ay C OX oy 

c)v du dv ou 
Replacing - - by ·- and - by - we get 

dX dy dy OX 

f f(z)dz = ff (du_au)dxdy+iff (ou_ou)dtdy =O+iO=O 
c R oy oy c ax ox 

J 
Proved. 

⇒ cf(z)dz=O _ 

N t If 
• 

1 
· ·d and on the contour then the value of the integral of the 

o e. there 1s no po e ms1 e 
function is zero. . . D@l1;,;•,w~41itl Verify Cauchy's Theorem for thejimctionj(z) = _elZ along th~ boundary of the 

, i. --·< " ' Irion le with vertices at the points 1 + I, - 1 + I and - 1 - I. . ' 
g (G.B.T.U., 111 Sem., Dec. 2012 Apnl 201~) 

Solution. Integration of eiz along the boundary of "1. ABC "' Integration of eiz along AB, BC 

anctcA 
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J ,/' d; + J _ 1/-d: + J e" dz 
◄8 8( C,4 

= 1, + 11 + I; 

1 = Integration of c;, along AB 
I 

J
-l+i .• [c''-] - l +i 

y 

= ei:.dz= -:-
l +i I l +i 

. = ~[ei( - l+il -e;(l+i)]=~[e-i - 1 -/- '] 
I 

1
2 
= Integration of f!Z along BC 

= i[ei(-1-il _/(-t+i)]=~[e-i+l - e-i- 1] 

13 = Integration of eiz along CA 

X' 

H +i) 
B 

1 . . I . I 1 . I . I 
= -;-(e_, _ - e• - )+-;-(e- •+ -e- •- 1)+-(e' - 1 -e-1 +1) 

I l i 

= ~ [ e -i - I _ e -i - 1 + e - i + 1 _ e -i - 1 + e -i - 1 _ e -, + 1] = 
0 l 

According to Cauchy Theorem, 

y, 

... (2) 

If a function.t{z) is analytic and its derivaiive / (z) continuous at all points inside and 

on a simple closed curve c, then Jc f ( z) dz = 0 ... (]) 

From (2) and (3), Cauchy Theorem is verified. Verified 

■fiihjlfoJii Veriify Ca h ' th fi h Ju · 2 · • · ---... , ·-•- uc Y s eorem or t e nctzon f(z) = 3z + 1z - 4 along the perimeter 
. of square with vertices 1 ± i, - 1 ± i. ( U P , III Semester June 2011) 

Solution. Integration of 3z2 + iz - 4 along the boundary of the square A BCD = Integration of 
- 3z2 + iz - 4 along AB, BC, CD, and DA. 

= JA/3z
2

+iz-4)dz+ J {3z2+iz-4)dz+ J (3z2+iz- 4) dz + 
BC CD 

/1 + 12 + + 

Now /1 = J AB (3z2+iz-4)dz = Ji-~;;(3z2·+iz-4)dz 

J (3z2 + iz-4)dz 
DA 

,,, z3 + ~ z2 
- 4z 

[ 

. } - l +i 

.2 I+; 
:: [ (-1 + i)3 

+ ½ (-1 + i)2 - 4 ( - J + i)] 

-[ (l + i)
3 

+½(I+ i)2 - 4 (l + i)] 

H 
( I I I) ,,,.. 

0 

... (I) 

J = f (3z
2 

+ iz - 4) dz= J -I - I (3z2 + iz - 4) dz 
t 

(- l - i)L-i,--+----;U 
C , 

2 BC -l+i y· 

+<-4,r: 
= [ (- l - i)3 + i (-1- i)2 - 4 (-1- i) ]-[ (-1 + i)3 + f (-1 + i) 2 - 4 - l +;) 

... (3 

14 = J (3z2 +iz -4) dz= JI+, (3z2 +iz-4) dz= [z3 +.!._ z2 -4z]I ... ; 
DA 1- , 2 

1-i 

= [(I+ i)
3 

+ ½ (I+ i)2 - 4 (I+ i) ]-[ (1- i)3 + ½ (1- i)2 - 4 (1-i)] 
Adding (1), (2), (3) , and (4), we get 

... (4) 

/ I + / 2 + l 3 + I 4 = (-1 + i)3 + ½ (- 1 + i)2 - 4 (-1 + i) - ( l + i)3 - f (I + i)2 + 4 (1 + i) 

i i 
+ (- 1 - i)

3 + 2 (-1 - i)2-4 (-1- i)- (-1 + i)3 - 2(-1 + i)2 + 4 (- I + i) 

i i 
+ (l - i)3 + - (1 - i)2 - 4 ( I - i) - (-1 - i)3 - - (-1 - i)2 + 4 (-1 - I) 

2 2 
i i 

+ (1 + i)3 + - ( l + i)2- 4 (1 + i)-(1- i)3 - - (1- 1)1 + 4 (1 - i) 
2 2 

= 0 ... (5) 
In the square ABCD there is no pole, so by Cauchy Goursat theorem, 

J (3z2 + i z - 4) dz = 0 ... (6) 
ABCD 

From (5) and (6), Cauchy Goursat theorem is veri.fied. 
. 2 1 

Dfltt\rilf:j Find the integral L 3
z ; : ~ + 

1 
d=, where C is the circle I z I-= 2-

Solution. Poles of the integrand are given by putting the denominator equal to• 
z+ l = O ⇒ z=- 1 
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__:_ _ __:.~~----- 1 . . . _ = 0 and radius - does not enclose any sin ~ . . . LTIPLE CONNECTED REGION 
. _. 1 I;; I"' - with centre ,lt ~ 2 gulatih. / (7 ) is analytic m the region R betwe . 

.I 

I 
·1 

' 

The given ~1rc e 2 ; i ·1 If - en. two s1m I 
i ~' -1; "'::::: J J(z)dz p e closed cur,es cl and C2 then 

of tho:- given function. L_./ J(;;Y,I* . ' cz 
3:: + 7:+ Id== 0 (By Cauchy Go11rsat Theorem) A.tts Jc, }; ./ JJ(z)dz = 0 

f c :-rl Y · pr"of. 

J =+ 4 dz ifCisthecircle 2 · hr· · 
1"£'i;\7if(Q] Find the m/11e of c z2 + 2: + 5 , where the p_at ot_ Ilntekgr~ttond_is al_ong AB, and curves C, in clockwise ct· . 
l,l;.i~-- I= + ii = J. . . long C1 m an 1c oc wise 1rect1on. 1rect1on and along 

• . d are given by putt mg the denommator X' BA and a 
Solution. Poles ot mtegran ~ 

equal to zero. 
X 

z2+2=+5=0 
-1 

-2+J4-20 ~ = - 1 ± 2i -1~2; -2 
,:, == ? 2 y, 

. -c.rcle ,_ + 11 = 1 with centre at z = - I and radius unity does not enclose The given I i-- · any 
z+4 Y 

S1.nl!lllarity of the function , 
2 5 · = z- + z+ 

J 
2 
~+~ _ dz = O (By Cauchy Goursat Theorem) 

c z ,.. 2"' +:, Ans. X' +--0-t--=-+--~ 

n ~-;~·;f,fft11J11 Evaluate I :: 1 dz where C is the circle 

1 iz1= 2-

Sotution. The point z = - 1 lies outside the circle lzl = ½. 
:. The function : : 

1 
is analytic within and on C. 

By Cauchy's Goursat theorem, we have J.. e - '
1 

dz = 0. Ans. 'J'cz+ 

Y' 

X 

2z1 + 5 Wi4s1$i.kJ Evaluate: ~ 3 , dz. where C is the square with the vertices at 
· c (z + 2) (z- + 4) 

1 + i, 2 + i, 2 + 2i, I + 2i. 

. 2/ +5 
Solution. Here,! (z) = 

3 
, 

(z+ 2) (z- + 4) 

Poles are given by 

z = - 2 (pole of order 3) 

z = ± 2i (simple poles). 

Since the obtained poles do not lie inside the 

contour C with vertices at 1 + i, 2 + i, 2 + 2i and 

I + 2i, hence by Cauchy Goursat theorem. 

f 2/ +5 
c (z + 2)3 (z2 + 4) dz = 0 Ans. 

y 

. ( 1 + 2i) (2 + 2i) 

21• DOC 
A B 
(1 + i) (2 + i) 

-+-®--+---------~X 
0 

• -2i 

A c, 

f f(z)dz-f f(z)dz+J f(z)dz+f j(z)dz=O 
AB cz BA . 9 . 

-f f(z)dz+J f(z)dz=O asJ f(z)dz=-f f(z)dz 
C1 c, AB BA 

f f(z)dz = f f(z)dz Proved. 
cl cz 

Corollary. J f(z)dz = f f(z)dz + f f(z)dz + f f(z)dz 
cl cz CJ C4 

. :_;J ., ., / ,, ~'., . ~_ , '_,, 

m /cA~CHY INTEGRAL FORMULA (UP., Ill Semester Dec. 2009) 

If/ (z) is analytic within and on a closed curve C, and if a is any point within C, then 

f(a) = - 1
-. f f(z) dz (R.G.P V, Bhopal, Ill Semester; June 2008) 

2:m c z-a 

\. . f(z) 
Proof. Consider the function -- , which is analytic at all points 

z-a 

within C, except z = a. With the point a as centre and radius r, draw a 

small circle C
1 

lying entirely within C. 

Now f(z) is analytic in the region between C and C1; hence by 
z-a 

Cauchy's Integral Theorem for multiple connected region, we pave 

f f(z).dz = J /(z) dz 
c z-a ciz-a 

C 



for any point on Cl '8 

J 
f(:)-f(a) - -f 21t f(a+ re' )-f(a) ir/ede 

· dz - i0 
(z - a = rei8 and dz - . .8 - ire' all] 

Now, --a o re 
Cl ,:, 

2Jt 
= J [_((a+ re'-e) - j(a)] id0 = 0 (where r tends t 0 zero). 

0 

'"'. ;ed0 J21r , 
J 

._3!_=J·' ~= id0=i[0r =2Jti 
c

1
z-a ore o 

Putting the values of the. integrals in R.H.S. of (1 ), we have 

Jc f ;z~ := = O + f(a) (21ti) 

⇒ 

l J f(z) 
f(a)=-. -dz 

2m c z-a Proved. 

Ulli~I c u¼~~~WTEGRAL FORMULA FOR THE DERIVATIVE OF AN ANAL YTic 
_ (R. G.P V, Bhopal, III Semester, Dec. 20 

l 
. . . R h . d . . 07) }f~ functionf(z! is ana yt1c ma reg10n , t en its envat1ve at any point z = a of R is also 

analytic 111 R, and 1s given by 
f'(a) = ~ J f(z) dz 

2m c (z-a) 

where c is any closed curve in R surrounding the point z = a. 

Proof. We know Cauchy's Integral formula 

f(a) = -1 J f(z) dz 
21ti c (z-a) 

Differentiating (1) w.r.t. 'a', we get 

f'(a) =-
1 J f(z) j__ (-

1
-) dz 

21ti c da z-a 

Similarly, 

Blzi:I MORERA THEOREM (Converse of Cauchy's Theorem) 

... (I) 

If a functionf (z) is co f • . f . . n muous m region D and if the integral f(z)dz, taken around any 

simple closed contour in D is ze th f . . ' ro en (z) 1s an analytic function inside D . 

- Complex I t . 

f · f ( z) dz is independen n egrat1on ❖ ❖ : 
rroof- zo t of path frorn - --------- .. 

"o fixed point t . 
ction of z only. Thus J z f ( ~) _ 

0 
a vanable point;; and hence 

·t be fun . :o - d,. = $(z) 
;11~' 

f (u + iv)(dx + idy) = u + iV · 
and./{z) ""u + . 

(r v) IV 

f . .. (udr: - vdy) = U and f (x,y) 
(xo ,yo) vdx <xo ,Yo) + udy = V 

-~ rentiating under the sign of inte 1 p111e gra , we get 
au , av -a =u, -=v 

X ax ' au 
ay =-v, 

au= av d au -av ax ay an --ay -a;-
ThllS, U and V satisfy C - R equations. 

~(z)' = U + iV is an analyti'c fu • nct1on. 
, au av 

<I> (z)= ax +i c!x =u+iv=f(z) 

fiz) is the derivative of an analytic function $(z). 

av 
-=u 
c!y 

- CAUCHY'S INEQUALITY . 

If/ (z) is analytic within a circle C i.e., lz- al= Rand if lf(z)I $Mon C, then 

I fn(a) I $. Mn! 
Rn 

Proof. We know that F(a) = ~J f(z)dz 
2m c (z-a)"+t 

$ --2!.!_ J I f(z) II dz I 
I 21ti I C I z - a r + r 

Proved. 

$. .!:l_l!_f Zit Rd0 
2n Rn+I 0 

[since z = R ii8, !dzl = I iRii8 d8I = Rd81 

$. .!:.J. _!!_ 2rt R 
21t Rn+I 

<Mn! 
- R" 

Proved. 

Second Proof. Let a and b be any two points of z plane. Draw a large circle c11 with centre 
at the origin, of radius R, enclosing the 'points a and b. So that 

R >Ia I, and also R > I b I-
By Cauchy's integral formula 

f f(z)dz = 2rt, if(a) and f f(z) dz= 2rti 
c z-a c z-b 

J f(z)dz f f(z) 
f(b) 2ni[J(a)-f(b)]= c--;=;;-- c z-bdz 

= f. a-b f(z)dz 
c(z-a)(z-b) 

, . 
I 

' i 
. i 
. ··:. 



. --~{-~---~- ~L. _::···~··'.'._· ~ln~tr~o~du~c~ti~o~n~to~E~ng~1~n~ee~r~m~g1__1iv~1.'.::d~11~r1:r~n~,cr~•'~"~"-:··;,~-:~-=;;:-:;::=------ ""111111' ~ 
- ' • • 1 .11 . ,1111.,, at .. . - 3i i.e. at (0, 3) and radius• I. ~ ., / -=--- dz wl1ere C i's h . . . .. , c i~ a circ e w1 

1 
U- ~ - J ------ ,_ -4A') t 

• I 

I 
i j 

The affe,1 c.1111" , . ( ~ -1} ( z- e circle With c 
::- 1 . 111 ., JJO!c z == -rti fies inside the circle. c ,, . cntre at or· . • 

Clear~r. on)· t Y are given by putting the deno . tg1n and radius 2. 
l poles (z - 1) (z - 4) == 0 m1nator equal to zero. I dz = f c z : 1ti dz z == l 4 

c;: (z + 1ti) X ------:::,;;..i..__ ~ · ' 
~ . (I) = L.7tl -

z ==-1Ci 

= 21J;i = _ 2 
-rci 

[By Cauchys lntegralformula] 

Which is the required value of the given integral. 

flF1;:;:;7IC~ Evaluate the complex integral 

-~ Ltanz.dz wherecislz1=2. 

Ans. 

there are _two simple poles at z == I 
f-Jere · and z == 4 is only one pole at z == I in •d · 
'fhere s1 e the conto . ur. 

roerefore 

y 

y 

y· 

f sinz 
Solution. J tan z.dz = --.dz 

(By Cauchy Integral Theorem) 

C C COSZ 

I z I = 2, is a circle ·with centre at origin and radius = 2. X'+-1 ~~~r-~~k;L... X 

Poles are given by putting the denominator equal to zero. 

7t 7t 37t 
cosz=O, z=-2,2,2 , ... 

y · 

7t 7t 
The integrand has two poles at z = 2 and z = - 2 inside the given circle [ z I == 2. 

On applying Cauchy integral iormula 

J sinz dz J sinz d J sinz . . . 
-- 7= -- z+ --dz=2m [smz] rr+21ti[smz] -rr 

C COSZ c1 COSZ c2 COSZ z=
2 

z=
2 

= 21ti(l) + 21ti(-l) = 0 

Which is the required value of the given integral. 

D • X!J Evaluate ~ c: +-
1 

dz, where C is the circle I z I = 2 

Solution. f(z) = e-z is an ana1)1ic function 

The point z = - I lies inside the circle I z I = 2. 
By Cauchy s integral formula, 

<Pc:: l dz = 21ti(e-
2

)z=-I = 21tie. Ans. 
X' 

f!:~R"ift Evaluate: f c (z-l;z(z-
4

) dz where C is the 

circle I z I = 2 by µsing Cachys Integral Formula. 

y 

Y' 

Ans. 

2 

X 

Solution. We have, 
(R. G.P. V, Bhopal, III Semester, June 2006) 

== 2rri[-e] 
1-4 

21tie ==.--
3 

Which is the required value of the given integral. Ans. 

--~ro:?· • f 3z
2 
+7z+I 

• · , 11 i' ,,r- If f(z1) = ---- dz, where C is the circle x2 + ,;z = 4 find the values z-z y ' 
of C I 

(i) f (3), (ii) f'(J - i), -(iii) f' (I - i). 
Solution. The given circle C is x2 + y2 = 4 or [z[ = 2 . 

The point z = 3 lies outside the circle lz I = 2. 

. _ ,t 3z
2 

+7z+l dz and 3z2+7z+I 
(i) f{.3) - 'f c z-3 z-3 is analytic within and on .C. 

By Cauchy's integral theorem, we have 

,t 3z2 + 7 z + 1 dz = 0 ⇒ f (3) f 0. 
'fc z-3 _ i 

(ii) z 1 = l - i lies inside the circle C. 

By Cauchy's Integral formula, we have 

(iii) 

J 3z2+7z+l dz=27ti (3z2+7z+l),=:1 
c z-z1 

f(z) = 2ni (3z2 + 7z + I) 
j'(z) = 2ni (6z + 7) 

j'(I _ i) = 2rci [6(1 - i) + 7] 

j'(I _ i) = 2rci [13 - 6~] 
f'(l - i) = 2rc [6 + 131] Ans. 

j"(z) = 2rci 6 . 
J"(l _ i) = 12m Ans. 

Ans. 

y 

X' 

Y' 

-- - -· 

• •i 



-~~-4~- i,,~\.l[· ·,il~~❖~•:::__• _!l!0_nl~ro~d!!!u~ct~io~n~t~o~E~n2!gi!!:_n~ee:!r~in~gJ:M~a~t~he::m.'..'.a~t::::ic:::s_-...:l.:...
1 
__________ ~ 7 / 

~i' ,--;;::·::·;:,ii;;-;l;;ii Evaluate 
- . [ I ] Cotnpl'"x Integration ❖ ❖ 
- 2m I+! + 21ti [.._!__] -------'-c_,. _____ .. _ -· lf\_r.u~,~- -= -- ·---=a -

... f _![__dz over the circular path I z I = 2. (U.P, Ill Semester, Dec. 
20 

c z2 + 1 (AKTU 2016 2 09) 
' - 017) 

. Poles of the integrand are given by putting the Solu1ton. Y 
denominator equal to zero. 

~2 + I = o ⇒ z2 = - I ⇒ z = ±; 

. The integrand ~has two simpl~ poles at z = i. a?d z = - i .. B~th 
· 'd the given circle with centre at ongm and radius 2. 

Poles are rns1 e 
X' 

f .!.(..::..__- e" ) dz = f _!_ e' . dz - ~ f ~ dz 
c 2i z - i Z + i c 2i Z - I 21 c Z + l 

= ;i [ 21ti(e' )z=i -27ti(ez)z=-i] 

21ti [ ; -i] (2 . . I) 2 . . 1 = -. - e - e = 7t Ism = 7tt sm 
2i 

Which is the required value of the given integral. Ans. 

e' e' 

Second Method. J 
~dz=J e'dz J z-i dz+J z+i dz 

C z2 +J C (z+i)(z-i) C1 z+i .C2 z-i 

= 21ti (~) + 21ti (~) 
z-1 · z+z 

z=-i z=i 

= [2ni ~-; . + 21ti ~] = 7t[-e-i + e;] 
-1- .1 1+1 

= n(2i sin I) = 2ni sin 1 

Which is the required value of the given integral. Ans. 

61fiJ)W.@'il.(I Evaluate f 2dz 
1

, where C is the circle x2 + y 2 = 4. 
C z -

Solution. Poles are given by putting the denominator equal to zero. 

z2 
- I = 0, z2 = I, z = ± I 

Y' 

The given circle x
2 

+ l = 4 with centre at z = 0 and radius 2 encloses two simple poles at 
z = I and z = -I 

_ f z+I d f z-I - -- z+ --dz 
C1 z-1 c2 z+l 

= 21ti (-
1

) + 21ti (-
1

) 
z+l - z-1 

z-1 z=-1 

y 

2 
---r-~:!i'----1;:t:r-t<,;--r-~ X 

Y' 

== rti . -I-1 ... . 
,· - 1t1 ~ 0 

.. the required value of the g · . 
,v,,1ch /5 z lVen integral. 
~~Evaluate J ~dz · 
~ _.)]-~ C z2 + 1 Where 

(i) C is I z + I !z I = 2 
(ii) C is I z + ii = J. 

. n poles are found by putting th d 
50Jllt10_ ·o or z2 = - 1 or z = ± i e enominator equal t 

2-+- I - o zero. 
• . tegrand has two poles at z .= +i _ . 
~e~ ,Z-~ 

(i) \z + -;\ = 2 is the given curve 

Ix+ iy +-
1
-. \= 2 

-::> x+1y 

I 
x2 - Y2 + ~ixy + 11=2 

x+1y 

y 

(x
2 

- y2 + 1)2 + 4x2 y2 . y· 

⇒ x2 + y2 = 4 or (x2 - y2 + I )2 +' 4x2y2 = 4x2 + 4y2 

4 4 222 2 2 
⇒ x + y - x y +1+2x -2y +4x2/==4x2+ 4y2 
⇒ x4 + y4 + 2x2y2 - 2(x2 + l) - 4y2 + l = 0 

⇒ (x
2 

+ _y2)2 - 2(x
2 + y2) + I = 4y2 ⇒ (x2 + y2 _ I )2 = (2y)2 

⇒ x
2 

+ y2 - l = ±2y ⇒ x2 + y2 ± 2y - l = 0 ⇒ x2 + (y ± J )2 = 2 

This equation represents two circles with centres (0, 1), (0, -1) and radius .f5.. 

J - 2
-dz = J - 2

-dz+J _z_dz 
C z

2 + 1 C1 z2 + l C2 z2 + I 

z z 

J z+id J z-id -- z+ -- z 
Ci z-i C2 z+i 

2ni(~) +2ni(z~il . 
z+1 z=i ),=-, 

= 21ti -. -. + -. -. = 21ti - + -( 
i -i ) ll 11 

1+1 -1-1 2 2 

=.21ti 
Which is the required value of the given-integral. An~. . 

(ii) iz + il = l is a circle with centre at z = -i and its radms is I. 

Ans. 



. - 11 

y z2-2z =-- 2= • ~ 

I -1 1)- ( -~ +4) dz= J 4,L 
, - ~1 (= + " q (z If 'fi' 

·[ d z
2 

-2zl == _it! --,--
dz z- +4 

=: - 1 

( - i ---~· --- - · - i - i J 

j . 
= _r!f. ]_ ) = ~ l 

, e o e given integral. Ans. 

== 21ti [(z4 + 4) (2z - 2) - (z2 -2z) 2zl 
(z2+ 4)2 -

- ?rci[(l+ 4)(-2-2) - (1+2)2(-l)l '=- r . 

- - (1+ 4)2 - ==2ni (-~) ==~ 
7 25 25 z- -2z 

y· 

e the follo,,·u g imegral using Cauchy integral fonnu/a 
. 3 

-----d:= where c is the circle lzl = 2. 

. (~.G.P V., Bhop~I, Ill Semester, June 
200 Selation. p0 of the imegranj:l are given by puttmg the denornmator equal to zero. 8) 

_ z - l) (= - - ) = 0 or z = 0, l, 2 
The inte1zrand bas three simple poles at z = 0, l , 2. 

- 3 • . . 3 
The gn·en circle I z ! = 2 \\ith centre at z = 0 ~d radms = 2 encloses two poles z = O, and 

z= I. 

I 4 - 3z 
c z (z - l)(z - 2) dz 

4-3z 4-3z 

I (z - l)(z - 2) J z (z - 2) = -'-----'--'-----'- dz+ ---'---'- dz 
'l z c2 z - l 

X' 

y 

X 

f (z+l)
2

(z+2i) ·[ z2 _ 2 l == . dz= 2m z 
12 c2 (z -21) (z+ l)2 (z+

2
i ==2ru [ - 4-4; ] 
) r=2; (2i+l}2(2i+2i) 

- ? . (I+ t) 
- -1tl--c.. 

4+3i 

z2 -2z 

(z+l)2(z- 2i)dz ·[ z2-2z ] h == fc. -'---'---'---_ -..:.. 7 = 2m 
, (z + 21) (z+ 1)2 (z - 2i) z= -2i 

= 2 1ti [ - 4 + 4i ] . (i -1 
( 2. 2 =2m--
- 1+!) (-2i-2i) (Ji-4) 

= 
2ltiL-4

l~(~z- 2)L
0 
+ 21ti[z~z-:;)L

1 
Y' 

= -
28

7[i +21ti(~J+21ti ( ~ ) 
25 4 + Ji Ji-4 

. 4 4-3 
= 2m. -( --+ 21ti-- = 2iti(2- l) = 21ti 

-1)(-2) 1(1-2) 

Which is the required value of the given integral. Ans. 

2 Ci!m\iiSfl Evaluate J z - 2z dz h 
. c (z + J)2 (z2 + 4) w ere c is the circle I z I = Jo. 

Solution. Here, we have f z2 - 2z dz 
c (z + 1)2 (z2 + 4) 

The poles are detennined b tf · h . 
i e . ( . + I )2 ( 2 Y pu mg t e denominator equal to zero . . , z z + 4) = 0 . - . 
The circle I z I= 10 with centre at . ~ z -:- - 1, - 1 and z = ± 2i 
encloses a ole at z = - ongm and radms = 10. 

p I of second order and simple poles z = ± 2 i 

(UP. 111 Semester, June 2009) 

2 -[-14 l+i (i- 1)] 
= 1tl 25 + ( 4 + Ji) + (3i - 4) 

2 -[-14 (l+i)(3i-4)+(i- l)(4+Ji)] = ltl - + ..:___;_.:...._--'_.:...._-'-'-----'-
25 (-9-16) 

= l 1ti (14 + (3i - 4 - 3 - 4i) + (4i - 3 - 4 - 31)] = 0 
.,...25 

y 

Dfj,mjfif:j Integrate --
1
- the counter clock-wise sense 

(z3 
- 1)2 

around the circle lz - i i =l . 

Solution. Poles of the given function are found by putting 
denom· 

mator equal to zero. 

(z3 - 1)2 = 0, 



+ 1 0 

-1:t:Ji"=4 _ -1±.J-3 __ .!.± ~ i 
.. - ., 2 • 

2
. t: _ 1 nnd unit rndius encloses u pole of order two at • . __ _,, __ ,.,._ 1,. I with centre a - ~ 

Integral formula 

I J 
l l· 

1 I: - ' , zc~ 
C(:3-1)2 - C1 t:-1)"(:-+:+I) 

, . . f Jz· + z dz i#OHMP• Fmd the I alue of c =2 _ 1 · 

If c is circle I z - 1 I = 1 (R. G.P. V., Bhopal, III Semester, June 2007) 

Solution. Poles of the integrand are given by putting the denominator equal to zero. 

.:2-1 =0,z2 =l,z=±I 

The circle with centre z = I and radius unity encloses a simple pole at z = I. 

By Cauchy Integral fonnula 

3:2 + z 

f 3:2 +: d::=J ~dz 
C ;~ -1 C :-1 

_21ti -- =2m -- =4m [3=2+=] ·(3+1J . 
- z+l l+l 

==l 

Which is the required value of the given integral. Ans. 
Y' 

■k$111Ml11• Find the value of the integral ~ exp (i1tZ) dz, where C is the unit circle 
c 2z2 -5z+2 

with centre at the origin. ( G.B. TU., III Sem., April 2012) 

Solution. f ~p (inz) dz 
c 2z -5z+2 

The poles are detennined by putting the denominator equal to zero. 

2z2 - Sz + 2 = 0 ⇒ (2z ~ l) (z - 2) = 0 ⇒ z = .!_ and z = 2 
2 

. only one pole at z == .!. in .d 
'fltcre 1s 2 s1 e the IIIJit • 

Clrtle. 
irtz 

e --,._ dz - ,I'._ (z-2) 
'f (2z- l)(z-2) - 'J' ~(Z dz 
C C Z~ I) 

e 
iJC 

I J, Tz= Z) dz= (21ti) J_[~] i 
""z'f ( _ _!_) 2 Z-2 z~l. "'Tti-;._:::_ 2 .( ,~) 

z 2 2 1 -n, e 2 
-- 2 3 
2 

E:!.(cos ~+ i sin~)= - ~ (i) _ 2n 
"" - 3 2 2 3 -- A 

3 ns. 

,r._ z
2 + J 

Evaluate 'J' - dz 
c z2 - 1 where c is circle, 

3 
Ci) Jzl = 2 
(ii) 1z2- 11 = 1• 

1 
(iii) Jzl = 2 · 

Solution. Poles of the integrand are given by putting th d . 
2 e enommator equal to zero 

•e· z -1=0 ⇒ z=l -1 · 1. ., , 

(i) lzl = I2 is equation of circle C with centre o and radius ~ 
2· 

Both poles z = I, - 1 lie inside C. 

(
z

2
+1) (z

2
+lj 

J. z2 + 1 dz = ~ ~ dz + ,I'._ z + 1 ) dz 
'Y c z2 

- 1 Ci z + 1 'f Cz z - I 

= 2m -- +21ti --. [z2 

+ I] [z2 
+ 11 

z-1 z+l 
z=-1 z=I 

[ I+ I ] [1 + I] = 21ti -- +21ti -
-1-1 1+1 

= -21ti + 21ti = 0 

Which is the required value of the given integral. Ans. 

y 

y• 

(ii) I z - 1 I = 1 is equation of circle C with centre I and radius I encloses only p-..i 

• 



\· 
I 

l ., .. ,, 
; 1; . ·, I .,, 

' 

= 21ti [-z2_+_11 -z;= 21ti f_l +_11= 21ti 
z+I z=I LJ+J 

(iii) \zl = .!. is equation ofcircle C with centre 0 
2 

and radius ½ There is no pole inside C. 

Hence, ,t z: + 
1 

dz = 0 . 
'fez -1 

Ans. 

x -1 

-1 

mmfJ1tJI Use Cauchy integral formula to evaluate. 

f . sin 1tZ
2 

+cos 1tZ
2 

dz 
c (z-/)(z-2) 

where c is the circle I z I = 3. 

,t sin ru2 + cos 'TtZ. 
2 

d 
Solution. 'f ------ z 

(z - l)(z - 2) 

Y' 

y' 

x· 

Poles of the integrand are given by putting the denominator equal to zero. 

(z - I ) (z - 2) = 0 ⇒ z = I , 2 

The integrand has two poles at z = l, 2. 

1 X 

y · 

The given circle I z \ = 3 with centre at z = 0 and radius 3 endoscs both the poles 2 = 1 
and z = 2. · 

sin ru2 + cos m 2 

J. sinru
2 +cosru2 J (z-2) 

'fc (z-l)(z-2) dz= C1 (z-1) 
d J 

(z-1) 
Z + C2--'---~'....--c/z 

(z -2) 

_ 2 .lsinru
2 

+ cosrtz
21 lsin m

2 
+ cos..,.,,.

21 - m ------ + 2rti · · ,._ 
z-2 z-1 

z=I t , 2 

·= 2rti(sin rt+ cos1t) + 2rti(sin 4rt + cos4rt) 
1-2 2-1 

= 2n{=:)+2n{~)=4rti 

Which is the required value of the given integral. Ans. 

~.:::⇒:::L Let P(z) = a + bz + c!- a11d 
~ P(:' - ·-

} P(z) dz= J, P(z) dz== 4 "!a:= - . 
c z 'f c 

2
1 c z 

where C is the circle \ z \ = 1. Evaluate P(z ). 

. ,t P(z) 
solution. (1) 'f c-

2
- dz= 21ti 

B,ere, z = 0 is a simple pole which lies inside the circle I z \ = 1 

,t P(z) 
'f c -z- dz == 2ni (P(z)], = 0 

from ( l) and (2), we have 

~ 21ti (a+ bz + cz2\=o = 21ti 

~ 2ni (a) = 2ni 
a = l 

(ii) 4 C p;:) dz = 21ti 

Here, z = 0 is a double pole which lies inside the circle I z I = I 

4 P(:) dz == 2ni J.~- P(-)) 
C z· \! ) dz "' 

I. z= O 

·= hi\~ (a+bz +cz2)1 z=O 

= 21ti (b + 2cz),~o 

,t P(z) 
'f c 7 dz = 2nib ... (4) 

From (3) and (4), we get 
hi(b) = hi 

⇒ 

,t P(z) lz ., . 
(iii) 'f c ~c~=::_m 

b == \ 

X' 

Here. z = 0 is a pole of order three which lies inside the circle \ z\ = \. 

,t P(z) dz = 21ti ) ~ P(z)) 
'f C z3 2\ \ dz1 t z=O 

⇒ 

From (5) and (6), we get 
21ti(c) = 2ni 

⇒ C = \ 

Putting the values of a, b and c in P(z), ;e get 
P(z) == \ + z + z . 

Which is the required value 0 f the given integral. 
Ans, 

y 

Y' 

. .. (5) 

" 

.. . (6) 

., 
,I 
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MathematlcS - 11 

Jo//, ing complex integration using Cauchy~-inte 
;,...,.1ua1e ti,, '1W gra/ for~ 
.a-1 ·••U/q 

3 2+;+ 1 dz 
J (z2-l)(z+3) 

·.L C ,s· th circle I : I = 2· 
wnert · ld · . d are given by putting t 1e enominator equal t 

Poles of the mtegtan ° zero. 
(z2 _ I) (z + 3) = 0 

I _ 1 _ 3(Simple poles) 
z = , • d' 2 Y 
. - 2 has centre at== 0 and ra ius . 

'lbec:ucle lzl = I and z = - I lie inside the given 
y the poles z - . . 

ciirde while the pole z = -3 lies outside it. 

J 
3z2+z+I dz • 

C (z2-J)(z+3) X' -3 

3z2 + z + I 3z2 + z + 1 

- J (z+l)(z+3) dz+ J (z -l)(z +3) dz 

- q [ 3z;: ~ + J ] Ci ·[ 3:: ~ z + 1 ] 
- 2 . ,. + 27tl -----
- 7tl (z + l){z + 3) z=I (z - l)(z + 3) z=-1 

= 2ni rn) + 2ni (-¾) 
= 2ni ( ~I ) = - :i 

y ' 

(Using Cauchy's Integral fi 
0nnula) 

Which is the required value of the given integral. Ans. 

I 
eJz 

■Qiui,iiii Use Cauchy's integral formula to evaluate - dz where C 
1
.,.

1
he 

C (z+/)4 a · circle lz l = 2. 

Solution. The inte~d has sin~ul~[ri:
3 

z = - !]which lies inside the given circle. 

J _e_dz = ~ -(e3z) = 7Cl (27e3z) = 91ti 
c (z + 1)4 3! dz3 3 z=-1 e3 · Ans. 

z=-1 

■iijui,jl@ fivaluate ~ ~ dz, where C is the circle I z - J I = 3 
C (z + J) · 

S I ti W, (R.G.P V, Bhopal, Ill Semester, Dec. 2005) o u on. e have, Y 

J. e' 
'f c (z + !)2 , where C is the circle with centre 

(I, 0) and radius 3. 

The pole of the integral are detennined b tf C 3 
the denominator equal to zero. Y pu mg x ·--;----=-+-----t--➔X 

⇒ (1,0) 
(z + 1)2 = O 

z = - 1,-] 
Here there is a· pole at z - 1 f d -- oorer2 
By Cauchy Integral Theorem for the d ·. . 

a function envattve of 
y · 

(( z) - 21ti d'r-r l [fc t,:;;1- (n-1)! d? /(a) 

,(, k, dz = 
2

1~i [~ e1
] 

'f c (.i + I) . z.,_, 
== 21ti[ ez)z "" - I 

2 · - I 2rti == 1tl e ==-
e 

b·cb is the required value of the given • t 
V/ I m egral. Ans. 

pi\iiJ,,¥fl Using Cauchy's integralfio l I _..z 
--- . . rmu a, evaluate -J ~ 

pomt a lies within the closed 21ti c ( 1 dz, where tl,e curve C. z-a) 
ze2 

f --dz 
501utioD, c (z - a)3 

== -I -2 (ze ) = - -{(z+ l)ez} 2rti [ d
2 

2 
] 2rci [ d ] 

2. dz . 2 dz 
z=a atz=a 

2ni[ ] 2 . · 
= 2 (z+ l)e' +e'• I _ =_!!:[(z+ Z)e' ] 

~ z- a 2 ~z=a 

= 2ni (a+ 2)ea 
2 

= ni(a + 2)e" 

I J zez dz = ~ (a+2)ea 
21ti c (z-a)3 2m 

I a = -(a+2)e 
2 

Which is the requi red value of the given integral. Ans. 
Derive Cauchy Integral Formula. 

3iz 

Evaluate f _e __ 
3 

dz 
C (z + 1t) • 

where C is the circle I z - n I = 3.2 
Solution. Here, 

e3iz 
/ - f --dz 

- Jc (z +n)3 

Where C is a ci rcle {lz - 1tl = 3.2} with centre (1t, O) x· +--<>--nir~-r
and radius 3.2. 

• . I 
Poles are determined by putting the denommator equa 

to zero. 

(z + n )3 = O ⇒ z = - n, - 1t, --7t 

There is a pole at z = - 7t of order 3. 

But there is no pole within C. 



t. 

and= 
implc pole) of . 

\\ l h 

I: 

:-1 

( : -2)1-(:-1).1 -1 

<= - 2l = (= - 2F 
-1 -I 

(-1-2)2 9 

.., _ _I I'\_ 2rti 
-'" -9 r -9 Ans. 

y 

Y' 

•e -=------: ,he counter clock-wise sense around the circle 1;:-'-l)I 

=i 

Solution. Po es o ~ ,;:i.,er. f, nction are found by putting denominator equal to zero. 

(;:. - 1 ,3 = 0 

(: - l )3(:: - : - I J3 = 0 

-)± i-4 

2 

:=i.1.i. 

2 
I .fj ::-, 
2 2 . 

The circle = - I = I with centn; at z = I and unit radius encloses a pole of order three at 
z = 1. 

By Cauchy Integral formula 

J (:' -1) 
• ,I 

y 
C 

{' 

L 
\.: - I J ( - . 

~;;, cl 
2 cl:. (- - I> 

r(:' ... :+I){ l) 
~11-- --~ 

l = 

X 

EXERCISE 13.2 

Evaluate the following 

J _I_ dz, where c is a s1mph: clo.c<l cun.: and tl-c 
1. C :-a 

(i) outside c: (ii) msid.: c 

2 J ~ d: . where c is the dr.:k ,.: - 2 
• C :-\ 

J cos n.: d: , when: l' is the c1rd: 3
• C z-1 

.,,._:! I th•.:irck-
J co~ ,~ _ ;- "h~1c ; ' ' 4· c (:-l)(z-2) ,_, 

·' · 

d:: - j, 
,_1 -+1)-
------. -cl= 

t= -1) 

d -.(2z-l1 ~, 
=~-t-:::•IJ d: 

-:;: 

1: 

n . 

n 
I) 0 (i,) 21ti 




